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D µ belongs in a C 4 space 169 due to the fact that the complex number "i" lies in the covariant derivative between the two 4-d real 170 vectors! But what does it means, is it just a mathematical tric or can we give physical meaning? We 171 argue that not only C 4 has physical meaning and interpretation but rather this is the key or clue we 172 were looking for space X. We suggest a new extension of our usual 4-d real space-time to a 4-d complex 173 space-time, or a we will see further to its geometrically equivalent 8-d real symplectic space. We shall see in [18] , that the choice of a C 4 space-time by the beginning, will explain not only how, but why 175 as well, as concerned the choice of a complex field ϕ in quantum field theories and additionally, the 176 causality of the existence of the symmetries described by the unitary groups U(1), SU(2), SU(3) in 177 gauge theories. This way we would not need to start by a God given field and God given symmetries 178 (as R. Penrose comments in "The Road To Reality"), as they would arise naturally as properties of the 179 choice of a C 4 space-time. For instance, we will see that the Hermitian metric, associated with C 4 , is 180 invariant under transformations described by the group GL(4, C) which is isomorphic as 181 GL(4, C) SO(4, 4) ∩ U(4) 182 Furthermore, we will see in [18] , that U(4) breaks simultaneously after embedding our usual space-time 183 in C 4 into desired unitary groups, giving us this way, the chance to explain the phenomenon of 184 spontaneous symmetry breaking, as the causality of this embedding. Specifically, in [18] we show that 185 the symmetry group for nuclear and electromagnetic field should expanded to an extension of SM as 186 SU(4) SU (2) × SU(2) × U(1), where the quotient is not anymore a group but rather a coset (orbit space), 187 that is called in the literature of mathematics as Stieffel manifold, that contains an su(3) algebra,as a 188 subalgebra. Furthermore, this coset is isomorphical to the product of spheres S 7 × S 5 which is clearly 189 "bigger" than the group SU(3)and as a result, it gives us room to seek for unexplained phenomena 190 linked to strong nuclear field. In addition, all together the product naturally leads to an extension of 191 SM. It is our desire throughout all our consideration to answer not only the "how" in physics , but connection of Yang-Mills theories and geometry in [22] . But our suggestion is not only some additional 198 dimensions, serving as additional degrees of freedom, but we want to propose to give direct physical 199 interpretation to these ones. There are two ways "We suggest to investigate geometrically C 4 space-time. In C 4 space-time there must be a unified field 214 (Gravity, electromagnetism, etc) which is a property of this 4-d complex space-time itself, as 215 gravitational field is a property of our usual 4-d real space-time" 216 As a consequence, in the next paragraph, we will start with a pure geometrical picture, by investigating 217 the elementary length in a curved C 4 space-time and afterwards, we will give the physical interpretation 218 of these extra dimensions as a natural consequence of geometry processing. The key in order to take 219 back our usual well known theories which are expressed in the "language" of a 4-d real space-time, will 220 be the embedding of our usual 4-d space-time, in the 4-d complex space-time. Moreover, in this paper, 221 we investigate the flat cases of C 4 and R 8 , which leads to an extended special relativity and a second 222 invariant constant is introduces, while the symmetry group SO (8) Hermitian one because it is the most natural extension of the Riemann's spaces in a complex space.
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Specifically, we can define an elementary length of the type
where G ij is a Hermitian metric tensor (in analogy to a symmetric metric tensor in Riemann's spaces).
240
It is obvious, that we treat to C 4 space as
where x i ∈ X and y i ∈ Y. Many authors write the Hermitian metric tensor G ij instead of G ij but we 242 will keep the notation without the bra, in order to make the notation more simple. We can proceed by 243 introducing the elements of the C 4 space as
. The x i , y i must be of the same type which means that x 0 and y 0 are 245 both time-like while x 1 , x 2 , x 3 and y 1 , y 2 , y 3 are space-like. The corresponding Cauchy derivative will
In addition, the metric tensor of C 4 will be a Hermitian 4 x 4 metric G ij
with g ij its symmetric and I ij its anti-symmetric part. Obviously, g ij plays the role of the metric 249 tensor in X and Y consisting only of terms without any mixing of variables in X and Y, while I ij contains 250 only such mixing terms. If we introduce Eq.
(3) in Eq. (1) we will move from the C 4 space to an R 8 251 space equipped with a symplectic geometry where the elementary length will then be 252 ds 2 = g ij dx i dx j + g ij dy i dy j + I ij (dx i dy j − dy j dx i )
where g ij is our common symmetric metric tensor and I ij is a symplectic antisymmetric tensor. In the 253 case that I ij vanishes, we fall naturally in the case of a Riemann's space of type R 2n where n = 4. The
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Hermitian metric tensor has become in the case of real representation
The symplectic term in Eq. (6) can be written also as 256 ds 2 = g ij dx i dx j + g ij dy i dy j + 2I ij dx i dy j
because I ij dy i dx j = I ji dx i dy j = −I ij dy i dx j . Our next step is to generalise the usual Christoffel symbols 
where Γ k,ij are the usual Christoffel symbols with respect to the symmetric tensor g ij , ∆ k,ij are the 262 "Christoffel symbols" with respect to the antisymmetric tensor I ij and by (x), (y) we denote the kind 263 of the coordinates to which we find the partial derivative. As concerned the ∆ k,ij symbols it is easy to 264 see that
which means, that they are antisymmetric with respect to the pair of indices ij . Now we can proceed 266 to find the geodesics through the variation of an action of the form
for ds as defined by Eq. (7) which can be written also as
where u i = dx i ds and v i = dy i ds . After some calculus we derive the pair of geodesic equations 
It is obvious that we could immediately recognize as
but, these could be premature and as we have mentioned above we want to identify a "generalized 282 unified electromagnetism" K i firstly, but Eq. (19) can give us some clue. We introduce the 283 anti-symmetric tensor K ij defined as
or with respect to ∆ symbols
this way, the first pair of the geodesic equations can be written
The term in the parenthesis starts to look like the desired one, but we must remember that we have the 288 second pair also which becomes This way, the analogue of the symmetric metric tensor "field" g ij is the anti-symmetric tensor I ij "field" 291 and not the K i (or A i which is a sub case) as we have suspected as far now in the usual context of 292 physics. Moreover, the 2-form K ij (or F ij for the sub case) is not equivalent with the curvature 2-form 293 Riemann-Christoffel tensor R ij . On the contrary the equivalence of K ij is between the Christoffel 294 symbols Γ. From our point of view, this is the reason that we have failed to unify successfully gravity 295 and electromagnetism. Even in the case of the Kaluza -Klein theories, the g ij was put in equal foot 296 with the "field" A i . As we have seen in our consideration g ij and K i are different with respect a velocity.
297
And that was the reason that Kaluza-Klein theories where merely successful. This situation was merely 298 saved, due to the fact that the variation of the action was taken with respect to the "field" A i itself and 299 not with respect a field analogue to the metric tensor, as we have done so far in our consideration. It is 300 important to note though, that we could form "fields" with respect to the metric tensor g ij in the same 301 way as we have done for the "fields" K i , combining the g ij with a velocity, or even form a 2 tensor with 302 respect to g ij in the same way that we have done for K ij , combining the Γ with a velocity. But all these, 303 will be investigated later. This way, it seems that 4-d observers live in one of the projection spaces of C 4 and by embedding the 311 one projection R 4 in C 4 or R 8 symplectic space, we will recover the lost information. But, before the 312 embedding we must clarify some important issues about the flat cases and the signature problem. The
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flat Hermitian metric tensor can take the following signatures (1,1,1,1), (-1,-1,-1,-1,), (1,1,-1,-1), (1,1,1,-1) correlated (for more information about triality see Appendix 1). By Cartan's principle of triality we will 320 try not only to choose the right signature but also to explain the choice of the 8-d space (according to 321 Duff's viewpoint in [3] a fundamental theory of everything should explain not only the dimensionality 322 but the signature of the space-time as well). In fact, we will be able to provide an independent signature 323 framework in the same spirit general relativity provides a coordinate independent description. For 324 that reason, we have the right to pick one of those three signatures and we have chosen the (4,4) 325 one, due to the fact that it can be splitted to (1+3,3+1) signature, giving us the opportunity to present 326 our usual Minkowski's space as we shall see below. For clarity, we must emphasize that Hermitian 
where bold means 3-d. We can split the signature if we change place between x 0 and y 0 as
The term −dy 2 0 + dx 2 defines our usual Minkoskwi tensor n ij with signature (−1, 1, 1, 1). Moreover
334
we would like to add some comments about the embedding procedure. In order to proceed with 335 embedding, we must pass from the initial coordinate x i and y i that describe R 8 , to a re-expression 336 containing only x i that describe the embedded space R 4 . This way the y i coordinates must be 337 re-expressed with respect to the coordinates of the embedded space. The lost information referred to 338 coordinates y i , will be recovered, as we can see from equations of (33), (34) with additional terms in 339 the final expression of the metric tensor. Now, we can proceed to the embedding which is a standard 340 mathematic topic, similar to the parametrisation, equations (27) We start once again by equation (6) derived earlier in this section
If R 4 is embedded in R 8 and N ij is the metric tensor of R 4 , then in R 4 we have
We will write the metric tensor in R 8 using Greek indices α, β
The elementary length ds of R 4 is the same in R 8 and as a result
Because, now we refer to the variables x i , we can replace the Greek indices by Latin i,j wherever 349 needed and therefore
which actually means that
The pair of the geodesic equation (22),(23) becomes as one as
It is important to simplify a little bit the above mentioned equation by introducing a special case of the 355 embedding functions 356 1. y α = λδ α x for α = 1, 2, 3 and y 0 = y 0 (x 0 ). As we can see the space-like functions are linear 357 while the time-like function is free and can be (as we can see in our next paper [18]) of the form 358 y 0 = Ae Bx 0 . After some calculus, the metric tensor N ij can be written as
This equation holds if our space is locally Euclidean, but if we want our space locally to have the 360 desired signature (4,4) as we have mentioned, it will take the form
and if we want to split the signature in (1+3, 3+1) we just have to interchange x 0 with y 0 . This 362 way g ij is our usual metric tensor and locally it is the Minkowsky's metric tensor. Moreover the 
the first parenthesis is symmetric while the other two are antisymmetric, which is in contrast 372 to the behaviour of our usual Christoffel symbols.
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• the "Christoffel symbols" with respect to the antisymmetric tensor I ij that we have called them
i,jk = ∆ i,jk have exactly the same form, except the fact that 376 the first one is with respect to the symmetric g ij while the second one with respect to the 377 antisymmetric I ij .
378
All these terms will appear in the geodesic equation. Afterwards, we can express some cases 379 concerning Eq. (38) . Firstly, it is interesting to note that in the case that i, j = 0 we have
and for i, j = 0 we have 381 N 00 = (1 − λ 2 )g 00 + λg 00 ∂y 0 ∂x 0 − 2g 00 • the first term of Eq. (38) is (1 − λ 2 )g ij where g ij is our usual metric tensor of the 4-d space-time 392 and will we see in the next paper of this series [17] that expresses gravity and is connected 393 with ordinary masses. Moreover, we will see that λ stands for Planck scale as it will be 394 derived from general relativity. In this case, λ is fixed as it happens in General Relativity, 395 but in the next case, the scale will be time depended.
396
• the last term represents the "unified generalised electromagnetism" as we have mentioned.
397
But for y α = λδ α x for α = 1, 2, 3 that we are studying, this should be our well known 398 electromagnetism, due to the linearity of the embedding functions! Specifically, in this case 399 the electromagnetic field tensor F ij should stand for
where ∂y 0 ∂x 0 = q c .
401
• the second term has a scale as the product of the scale of the first term and the last one.
402
Moreover, the Γ
i,jk have the same behaviour with the ∆ i,jk but with respect to the symmetric 403 tensor g ij . It looks like this term both "gravitates" and "electromagnitates" in behavioral way!
404
It is a hybrid between those two fundamental elementary fields. We propose to interpretate 405 or connect this field to what we use to call as dark field (or for the linear case and only "dark 406 electromagnetism")!
407
• finally the third term that has only one element E ij = g 00 δ 0 i δ 0 j (scalar), share the scale of 408 electromagnetism squared. We shall see later that it is invariant to any transformation that 409 generalises y α = λδ α x for α = 1, 2, 3, which can be interpreted as dark energy field. 410 2. If we write y α around a point (x 0 0 , x 1 0 , x 2 0 , x 3 0 ), where x 0 = (x 1 0 , x 2 0 , x 3 0 ) is a steady point or pole, we 411 can have for the embedding functions
for α = 1, 2, 3 and γ = 1, 2, 3. If we keep only the two first terms of the expansion and if we set 
for α = 1, 2, 3, 4 and γ = 1, 2, 3. We have the following cases as concerning the indices i,j 414 • for i, j = 1, 2, 3 and for locally (4,4,) signature
We have to mention that in contrast to y α = λδ α x for α = 1, 2, 3 embedding 417 transformations that we have studied earlier, we have terms generated by I ij .
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• i = 0 and j = 1, 2, 3 we have
and if x γ −→ x γ 0 the above equation takes the simpler form
where in this equation we have time dependence for all the terms in contrast to the previous 422 case y α = λδ α x for α = 1, 2, 3 embedding transformations that we have studied earlier.
423
This way even the scale for g ij is time depended.
424
• finally the case i, j = 0 leads to 425 N 00 = g 00 − g αβ ∂y α ∂x 0 
we can see that again the term E 00 = 2g 00 ∂y 0 ∂x 0 2 unchanged from the previous case order to describe it, we must introduce a lot of information concerning its basic characteristics such as 470 mass value, charge , spin weak isospin, colour, flavour and what ever else is still hidden. All these 471 characteristics are not well defined, but rather ad-hoc properties that came by logic, observation and 472 inspiration. Now, if we go back to the geodesic equation of the first embedding functions, there is a 473 term as
and another term as 475 F ij u j dy 0 ds
We can observe that (1 − λ 2 ) stands exactly at the point that a mass term should be and that dy 0 ds where 476 charge q should be. These terms appeared as an echo of the information that we lost through the 477 embedding, or just the pay back of y i . This way, we can say that we have a sort of geometrisation for 478 mass (from the g ij part) and geometrisation of "charges" (from the I ij part). This geometrisation will 479 reflect to the equivalence principle. Specifically, before embedding, we have a C 4 or a symplectic R 8 480 space-time. Let us consider the case that I ij vanishes. Then, there is an equivalence between velocities 481 and accelerations of the two projection spaces X R 4 and Y R 4 . But, space Y will reflect after the 482 embedding to the definition of inertial mass, which finally in the second paper [17] will give us the 483 equivalence principle, as a consequence. Let us now generalise the picture, we will use the the 3-d 484 space that is defined by y i in order to define geometrically the characteristics that elementary particles 485 have. We like to call y i as mass-like vectors (in the third paper [18], we can see the connection of y i 486 with mass eigenstates and that is the reason we called them mass-like) and the space that they are 487 define as mass space. So, if y i are mass-like, we need a physical quantity that is mass linked. In general 488 relativity exists such a quantity the Schwarzschild radius r g .
where m is the mass of a body. Every physical entity has a Schwarzschild radius . For instance for the 490 Sun r g = 2, 95 × 10 3 , for Earth r g = 8, 87 × 10 −3 and for an electron r g = 1, 353 × 10 −57 . The study of a 491 massive object through Schwarzschild radius or its mass is equivalent. Thus, it is worth to try relate 492 the geometrical space Y with the mass property. To this end let us write y i = r i
leading to a mass-related vector
where m = m = Re-expressing r i in spherical coordinates we get :
where the angles Θ , Φ are related to mass states and therefore could be linked in the future to PMNS,
497
CKM matrices in the context of a field theoretical description, combined with the scales of the previous 498 paragraph. A vector in R 8 can be written as
and setting G=c=1
or even in C 4 501 k = (x 1 , x 2 , x 3 , t) + i(m 1 , m 2 , m 3 , T)
At this part, in order to keep contact with the standard notation we perform a weak rotation in (t,T) 502 subspace writing the metric as
giving a signature of (4,4). Our next step is to give a physical interpretation to the second time-like 504 coordinate T. If we consider that T (which has units of meters) is the "cosmic" radius R(t) then
is the Hubble velocity. If such a picture is valid, we could set
where H(t) is 506 the Hubble constant. This way
Writing Eq. (64) without the d m term we have: 
where f = G c 2 . Our next step is to formulate the associated "special relativity" in R 8 , compatible with 526 all the above mentioned considerations. The first step is to write an action S.
and try to obtain a link to Einstein's special relativity action. To this end we apply the transformation 528 T ←→ it. Then
Introducing the notation
for the derivatives, the metric becomes
then the Lagrangian of a free point-particle is written
where the constant D has dimensions of momentum. The canonical momenta are
We can make the following observations concerning this Hamiltonian
where m is the magnitude m = | − → m | and b is a constant. We can also write: 
Rotating in the (t,T) plane we get:
Since the light speed is constant, d r 2 − c 2 dt 2 is an invariant quantity. For dT 2 − f 2 d m 2 a similar 544 invariant quantity should occur
The equation T f 2 − (m 2 1 + m 2 2 + m 2 3 ) = 0 defines a cone (not a light-cone) in space M 3,4 (we 546 refer to space Y as mass space M). Setting m = | m| = m 2 1 + m 2 2 + m 2 3 then
density. If T is the "Cosmos"(Universe) radius, then we get that this linear density (Cosmos' 549 linear density) is an invariant. The above consideration holds on the cone. Consequently
which also holds on the cone. Then dT remain unchanged. This way, the "pseudo-distance" between two different points of R 8 must be 567 the same for all observers of R 8 .
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Now we must "evaluate" the constant f. We have already mentioned that f is G c 2 and we have 569 to figure out the consistency of this choice. Let us consider two different states of Cosmos.
570
The first state is when Cosmos was in Planck state while the second is "now". In the first one,
571
Cosmos is considered as the theoretical Planck particle with mass m P and length-radius l P . Then
In the second one Cosmos is considered to have a mass 10 52 kgr and radius 573 10 26 then T M 10 26 10 52 10 −26 G c 2 . As a conclusion, these two different and far apart states cones. Trying a similar analysis for the signature (4,4) the (-) sign between the spaces M 4 , R 4 will 586 lead to three different "leave-spaces" which are separated since S0(4, 4) is not simply connected.
587
We do not have cones of the type we are familiar with. For instance, if we are in R 1,3 we descend 588 one dimension and we can find the cone as a hyper surface in R 1,3 (c 2 t 2 = x 2 + y 2 + z 2 ). In our 589 case, we have two spaces and we have to descend not one dimension but a whole dimensional 590 space (x 2 1 + x 2 2 + x 2 3 + T 2 = m 2 1 + m 2 2 + m 2 3 + c 2 t 2 ). We have to descend from R 8 to R 4 or M 4 .
591
This way, we have a "cone" like structure that cannot be handled as usual. We cannot formulate 592 a "velocity" in order to proceed as we know. However, there is an alternative way through specific information travelling with velocity c 3 /G could lead to correlations during the Planck 620 period which may explain the horizon and isotropy problems. 621 6. The elementary length leads us two three possible cases, the first one is ds 2 > 0, the second one 622 is ds 2 < 0 and the third one ds 2 = 0. The question is what these three cases will represent if we 623 apply not for the flat metric tensor but for a spherical symmetrical metric tensor, in the same 624 spirit as we apply in the usual context of general relativity with the Schwarzschild metric which 625 of course leads us to black holes. What must happen in order to pass from the first case ds 2 > 0 626 to ds 2 = 0 and afterwards to ds 2 < 0? What energy barrier we must overseen and is it possible?
627
Can this energy scale that is required in order to make the passages, linked to Chandrasekhar 628 limit? This are some questions that is worth to investigate in the future, giving us the chance to 629 enter into a black hole. The most certain fact is that through our consideration, black holes do not 630 have an information paradox any more, because of the existence of C 4 space. The information 631 that we think is lost, is there inside the Y space and then the geometry of C 4 must be taken 632 literally, in order to enter and investigate the interior of a black hole. The embedding, provide us 633 only with the information taken from our projection space and tell us what we can observe from 634 here. The horizon of the black hole, seems to be this "geometric" barrier.
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Now we can continue to calculate the squared Hamiltonian as :
or after some calculus
As a result the squared Hamiltonian can be written
or if the energy is conserved
the first and the second terms on the right for D = m o c are the familiar terms of the Einstein's equation 641 of energy. Moreover, we can define the 8-d vector of energy-momentum as
The energy equation can be written also as
where the left side of the equation coincides with the pseudo-measure of the 8-d vector of 644 energy-momentum.
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Definition: If (A 1 , B 1 ), (A 2 , B 2 ) two 8-d vectors we define as the pseudo-internal product
where A 1 , A 2 , B 1 , B 2 are 4-D vectors and A 1 A 2 , B 1 B 2 Euclidean internal products. Then the 647 pseudo-measure of an 8-d vector is
where A 2 , B 2 Euclidean measures.
649
As a conclusion, the square of the 8-d vector of the 8-d momentum is constant. If we use the action S 650 we can write
leading to the the Hamilton-Jacobi equation
if we set y i = Λm i . 653 8. Angular -momentum 654 If a = (a i ), b = (b i ) are two n-dimensional vectors then the exterior product a × b = τ ij is a second 655 rank antisymmetric tensor with dimension 6. We can write this tensor as 656 τ ij = a i b j − a j b i (100)
In the space K = R 8 ≡ C 4 or K = R 4 + iM 4 the vectors have the form 657 k = ( r, T, m, t) ≡ r + i m + T + it = ( r + T) + i( m + t)
If we keep only the "length-mass" part then we can define the total angular-momentum in K as
where p k = p iu , p v , p iw , H c 659 This tensor L = (L ij ) has n(n + 1) 2 = 6 × 5 2 = 15 components and can be written as a matrix
l 12 l 13 l 14 l 15 l 16 −l 12 0 l 23 l 24 l 25 l 26 −l 13 −l 23 0 l 34 l 35 l 36 −l 14 −l 24 −l 34 0 l 45 l 46 −l 15 −l 25 −l 35 −l 45 0 l 56 −l 16 −l 26 −l 36 −l 46 −l 56 0
where L R is our usual angular-momentum tensor in R 3 , the L M is the angular-momentum in M 3 and 662 the L RM is the mixture between them. The L M can be interpreted as classical spin while the mixed 663 L RM as the interaction between angular-momentum and classical spin the same way that in quantum 664 physics we have the spin-orbit coupling. relation is the homogeneous Lorentz group. Let us now form the Poincare group in the 8 dimensional "unified" and can be seen as one. This is the most extraordinary and useful fact in order to 820 find an independed signature framework to work. The (8, 0), (0, 8) signatures provide us a 821 pure octonionioc structure while the (4,4) a real one. We have to mention that only those three 822 signatures share the triality property. 823 2. We have a triality property between vector and spinor spaces that we will call internal triality.
